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The Nambu–Jona-Lasinio model with two flavors, three colors and diquark interactions is ana-
lyzed in the context of optimized perturbation theory (OPT). Corrections to the thermodynamical
potential that go beyond the large-Nc (LN) approximation are taken into account, and the region
of the phase diagram corresponding to intermediate chemical potentials and very low temperatures
is explored. The simultaneous presence of both the quark-antiquark and diquark condensates can
cause the system to behave as a fluid composed of a Bose-Einstein condensate (BEC) or a color
superconductor one, in the form of a Bardeen-Cooper-Schrieffer (BCS) superfluid. The BEC-BCS
crossover is then studied in the nonperturbative OPT scheme. The results obtained in the context of
the OPT method are then contrasted with those obtained in the LN approximation. We show that
there are values for the coupling constants related to quark-quark and quark-antiquark interactions
where the corrections beyond LN brought by the OPT method can influence the behavior of the
diquark condensate and the effective quark mass as a function of the baryon chemical potential.
These changes in the behavior of the phase structure of the model modify the location of the critical
point related to the phase structure as a whole of the model. Also, when we impose the color
neutrality condition, our results show that the nature of the phase transition can change as well,
shifting the ratio of the quark-antiquark and quark-quark interactions to higher values in the OPT
case as compared to the LN approximation.
I. INTRODUCTION
Unveiling the phase structure of quantum chromody-
namics (QCD) is one active research area today. This is
not only because of its intrinsic theoretical interest, but
also due to interest across many different fields, rang-
ing from the current heavy-ion collision experiments, to
processes able to happen in the astrophysics of compact
stellar objects like neutron stars, and also in cosmology.
While QCD itself might be considered a well-defined the-
ory, to study its properties deep in the strong coupled
nonperturbative regime, like at low temperatures (ener-
gies) is notably extremely difficult. Furthermore, when
one also tries to study processes at high quark densities
(large chemical potential µ), even state-of-the-art numer-
ical techniques, like lattice Monte Carlo QCD simula-
tions (for a recent review, see, e.g., Ref. [1] and refer-
ences therein), one faces tremendous difficulties due to
the so-called “sign problem” (associated with the calcu-
lation of the determinant of the quarks matrix, which
takes on a complex value when µ 6= 0), and progress
in this direction has been painfully slow [2, 3]. As an
alternative to bypass the above mentioned difficulties,
one typically recourses to low-energy effective models for
quantum chromodynamics (QCD), like for example the
Nambu–Jona-Lasinio (NJL) type of models [4, 5], which
are valuable tools widely used to try to understand the
underlying phase structure of QCD, otherwise unacces-
sible either through the direct QCD Lagrangian density
or lattice QCD techniques.
Of particular interest is the region of the QCD phase
diagram at low temperatures and intermediate chemical
potentials, even though there is still no consensus on the
exact phase in which the quark matter is expected to
be found in this region. It corresponds to a portion of
the phase diagram not able to be probed by standard
methods in QCD, lattice QCD, or through current ex-
periments on particle accelerators. From the point of
view of astrophysics, it is estimated that in the cores of
so-called compact stars, these conditions are present [6].
This then strongly motivates studies towards the under-
standing of the physics in this region of the phase dia-
gram, sometimes also called the region of dense and cold
matter, through the use of effective low-energy models
that contain characteristics common to QCD, and which
highlight some of the expected and relevant behaviors for
the system in that region.
One of the most exciting possibilities is the occurrence
of quark Cooper pairing (color superconductivity) in this
region of cold and dense quark matter, a possibility that
has been considered already in Ref. [7], and whose idea
has gained considerable interest since then (see, e.g.,
Ref. [8] for a detailed review on this subject). In ad-
dition, many works have considered the possibility the
transition at low temperature and baryon densities, going
from the chiral broken phase to a color superconducting
phase at large densities, could proceed through an inter-
mediary phase. In this intermediate phase, the quark
matter would undergo a crossover between a regime
where diquark pairs form difermion molecules, giving ori-
gin then to a Bose-Einstein condensation (BEC), and a
weakly coupled Bardeen-Cooper-Schrieffer (BCS) super-
2fluid phase [9–17] (for a recent review, see, e.g., Ref. [18]).
Typically, we can employ an extended NJL model,
where besides the usual quark-antiquark four-Fermi in-
teraction, which is responsible for the formation of the
chiral condensate of quark-antiquark pairs, a four-Fermi
interaction for quark-quark, making possible the forma-
tion of diquark condensates, akin to the pairing mecha-
nism in the BCS theory, as the magnitude of this coupling
is increased. We can then study the combined competi-
tion between these two types of condensates in the sys-
tem, the chiral and diquark ones. Several works (see,
e.g., Refs. [10–12, 17]) show that it is possible for the
condensate of diquarks initially to form a BEC phase,
before the system goes to the BCS state, as we increase
the baryon chemical potential going through this BEC-
BCS crossover [13, 14, 16]. Some possible observational
signatures for the BCS regime and the possibility of co-
existence of the chiral and diquark phases have been ex-
plored in the literature [19], while a connection with high-
temperature superconductors and a possible pseudogap
was studied in Refs. [20, 21].
We should note that the NJL model, since it does not
include gluon degrees of freedom and thus cannot be used
to study confinement, finds applications in the low-energy
(temperature) regime of QCD and quark matter, where
the gluon degrees of freedom and their effects, e.g., in the
physics of (de)confinement, become less relevant. But
this low-energy regime corresponds exactly to the regime
where the strong coupling and nonperturbative nature
of the nuclear matter is relevant, which then likewise re-
quires the use of appropriate nonperturbative methods.
The use of the NJL and similar models, as far as the stud-
ies in this context are concerned, have mainly focused on
the use of the large-Nc (LN) method (where Nc is the
number of colors), or the Hartree approximation [5]. In
practice, the LN method consists of making the change
G → λ/(2Nc) in the four-Fermi quark-antiquark cou-
pling constant of the model, by keeping λ fixed while
making Nc large and then keeping only the leading term
in the expansion when taking Nc → ∞, even though
we take Nc = 3 at the very end for practical calcula-
tions. However, such a method cannot predict physical
phenomena that might eventually be related to terms of
the next order in 1/Nc in the expansion, which have to
be analyzed through some other self-consistent method
and that are required if we want to improve the preci-
sion of the results. Even though other approaches have
been employed to obtain the thermodynamic potential
going beyond the leading LN result to study the phase
structure of QCD in the context of the NJL model, these
other methods can quickly become more involved or add
further free parameters in the analysis (let us recall that
with the NJL model, being a nonrenormalizable model,
introducing higher-order corrections to the leading-order
thermodynamic potential is usually accompanied by the
addition of extra renormalization parameters), which is
not always welcome.
In this work, we will make use of the OPT method (for
a long, but still far from complete, list of past applica-
tions of the OPT method in quantum field theory prob-
lems, see e.g., Refs. [22–32]). In particular, let us mention
that the OPT method has very successfully been applied
to NJL-similar types of models in low dimensions, in par-
ticular in the Gross-Neveu models in 2+1 dimensions [33],
revealing novel properties in the phase diagram in that
context e.g., a tricritical point, not accessed by previ-
ous methods. Recent work on the OPT method tries to
combine its properties also with those of the renormal-
ization group to further push its applicability as far as
renormalization properties are concerned [34–36].
Previous applications of the OPTmethod for the study
of the phase structure in effective models of QCD include,
for example, its use in Walecka-type models [37], in the
linear sigma model [38–40], and also in the SU(2) NJL
model [41], whose work in particular we will follow here
closely, but in the context of the NJL model with di-
quark interactions. As already mentioned, with the use
of the NJL model, we can only hope to capture some
of the low-energy features of QCD at a qualitative level.
Given its nonrenormalizability and the other shortcom-
ings already mentioned above, the model itself is not a
controlled approximation to QCD. Yet, it is still a valu-
able tool, in particular to test different methods that can
improve over the simpler approximations used in the lit-
erature. This is in particular true when considering the
NJL in the context of the OPT approximation. By going
beyond the simple mean field theory, or LN approxima-
tion, the OPT at first order in its implementation already
includes some relevant mesonic fluctuations and, in the
present work, also contributions from the diquark inter-
action, which are absent in the LN approximation and
which would appear only at the next-to-leading order in
an expansion in 1/Nc. In a way, we hope that by includ-
ing these additional contributions lacking in the LN case,
we can improve the applicability of the NJL. At the same
time, we can also determine how the inclusion of these
corrections performs as compared to the LN approxima-
tion and determine whether they can provide both qual-
itatively and quantitatively relevant corrections beyond
the LN case that can be relevant for QCD. The aim of the
present work is to present a detailed understanding of the
BEC-BCS crossover, making use of the nonperturbative
OPT method and applying it to the NJL model endowed
with diquark interactions. We will analyze both the cases
of absence and presence of color neutrality, and we will
use parameters such that a comparison with previous re-
sults obtained within the LN method in particular, those
obtained by the authors of Ref. [42] can be made.
This work is organized as follows: In Sec. II, we briefly
introduce the NJL model with diquark interactions. In
Sec. III, we explain the OPT scheme and how it is ap-
plied to the present. In Sec. IV, we present the derivation
of the effective potential for the model and the relevant
equations. In Sec. V, we discuss the determination of the
parameters of the model and the modifications required
when applying the OPT scheme. In Sec. VI, we perform
3our numerical analysis of the BEC-BCS crossover, and
the results obtained in the context of the OPT are con-
trasted with those obtained in the LN approximation. In
Sec. VII, we present our conclusions. An Appendix is
included showing some of the technical details required
in the determination of the model parameters.
II. THE NJL WITH DIQUARK INTERACTIONS
In this work, we will consider the NJL model with two
flavors and three colors (Nc = 3) that includes both the
usual chiral four-Fermi quark-antiquark interaction and
also the diquark channel, with the Lagrangian density
then given by [42–46]
L = ψ¯ (iγµ∂µ −m)ψ
+ Gs
[(
ψ¯ψ
)2
+
(
ψ¯iγ5~τψ
)2]
+
∑
a=2,5,7
Gd
[(
ψ¯iγ5τ2λaCψ¯
T
) (
ψT iγ5τ2λaCψ
)]
, (2.1)
where ψ represents the quark fields with a flavor dou-
blet (u, d) and color triplet (Nc = 3), as well as a four-
component Dirac spinor. In Eq. (2.1), ~τ = (τ1, τ2, τ3) and
λa are the Pauli and Gell-Mann matrices in the flavor and
color spaces, respectively. C ≡ iγ2γ0 is the charge con-
jugation operator, and ψT is the transposed quark field.
The mass m is the current quark mass, while Gs and
Gd are the coupling constants for quark-antiquark and
quark-quark interactions, respectively. In principle, these
coupling constants, if followed from the QCD one-gluon
exchange approximation and from the Fierz transforma-
tion [11, 44], would be related likeGd = Nc/(Nc−1)Gs/2,
such that for Nc = 3, then Gd = 3Gs/4. Here, however,
we follow the philosophy of Refs. [12, 42], where these
couplings are treated as free parameters and we will not
fix relations between them. In practice, as we will see
later on when studying the numerical results, there will
always be a ratio of couplingsGd/Gs below a certain min-
imum value such that the transition from the chiral phase
to the diquarks with a nonvanishing vacuum expectation
value will tend to be first order, thus preventing a BEC
phase, while for larger values of the ratio there will be
a maximum value for this ratio beyond which diquarks
would already condense at a baryonic chemical potential
µB = 0 i.e., the diquarks would become massless and the
vacuum unstable [46, 47]. We will discuss theses issues
in more detail later on in the text .
By making use of a Hubbard-Stratonovich transfor-
mation in Eq. (2.1), the four-Fermi interactions can be
rewritten in terms of bosonic fields, given by ζ, ~π, φa,
and φ∗a, and can be expressed in the form
LB = ψ¯
[
iγµ∂µ −m− (ζ + iγ5~π · ~τ )
]
ψ +
1
2
∑
a=2,5,7
ψTφ∗aiγ
5τ2λaCψ
+
1
2
∑
a=2,5,7
ψ¯φaiγ
5τ2λaCψ¯
T − 1
4Gs
(
ζ2 + ~π2
)− 1
4Gd
∑
a=2,5,7
|φa|2. (2.2)
From the use of the Euler-Lagrange equations for ζ, ~π,
φa, and φ
∗
a, we have that
ζ = −2Gsψ¯ψ, (2.3)
~π = −2Gsψ¯iγ5~τψ, (2.4)
φa = 2Gdψ
TCiγ5τ2λaψ, (2.5)
φ∗a = −2Gdψ¯iγ5τ2λaCψ¯T , (2.6)
and upon substitution in Eq. (2.2), we recover the origi-
nal Lagrangian density of Eq. (2.1).
We will consider, without loss of generality (see, for
instance, Ref. [42]), that only the quarks with colors 1
and 2 form diquarks. This condition is satisfied when
φ2 = φ and φ5 = φ7 = 0. Therefore, we can write the
Lagrangian density (2.2) in the form
LB = q¯3
[
iγµ∂µ −m− (ζ + iγ5~π · ~τ )
]
q3 + q¯1,2
[
iγµ∂µ −m− (ζ + iγ5~π · ~τ )
]
q1,2
+
φ∗
2
qT1,2iCγ
5τ2t2q1,2 +
φ
2
q¯1,2iγ
5Cτ2t2q¯
T
1,2 −
1
4Gs
(
ζ2 + ~π2
)− 1
4Gd
|φ|2, (2.7)
where we have used
ψT ≡ (qT1,2 qT3 ) qT1,2 ≡ (qT1 qT2 ) , (2.8)
4with qi (i = 1, 2, 3) representing the color quark fields
and t2 being the second Pauli matrix in the color space
1 and 2 (green and red). This form of Eq. (2.7) makes
explicit the fact that quarks with color 3 (blue) do not
participate in the formation of the diquark condensate.
III. THE OPT APPLIED TO THE NJL MODEL
WITH DIQUARKS
The OPT method consists of initially defining an in-
terpolated (or deformed) Lagrangian density in the form
Lδ ≡ δL+ (1− δ)L0(ηi)
= L0(ηi) + δ [L − L0(ηi)] , (3.1)
where L0 is the Lagrangian density of a solvable the-
ory, modified by the introduction of arbitrary parameters
(which in the present model will be associated with the
interaction channels between fermions and their conden-
sates) with mass dimension terms ηi, and δ is a (book-
keeping) parameter that is used to enable a perturbative
expansion; it is set to δ = 1 at the end. We can note that
if δ = 1, we then immediately recover the Lagrangian
density of the original theory; if δ = 0, we have the solv-
able Lagrangian density L0. Any physical quantity Pn
that is calculated up to a given order n in δ will, how-
ever, depend explicitly on the parameters ηi, which are
not part of the original theory. Thus, we must impose
an appropriate condition that best fixes the values for
these arbitrary parameters in a self-consistent way. The
criterion we will use in this work, which was also used in
many other previous OPT applications (for other alter-
native optimization criteria, see, e.g., Refs. [28, 31]), is
the principle of minimum sensitivity (PMS), by requiring
that [23]
∂Pn
∂ηi
∣∣∣∣
ηi=η¯i
= 0, (3.2)
through which the parameters η¯i are those that make
the computed quantities an extremum (a minimum) with
respect to these mass parameters and guarantee that Pn
is locally independent (sensitive) of η¯i. The convergence
of the OPT under different contexts has been shown in
the many papers cited in Ref. [28].
The interpolation in the present model is performed as
follows: Starting from the Lagrangian density in terms
of the auxiliary fields, Eq. (2.2), and following, e.g., the
procedure shown in Ref. [41], we can define the OPT
Lagrangian density L0 in Eq. (3.1) as
L0 ≡ ψ¯ (iγµ∂µ −m)ψ − ψ¯(η + iγ5~τ · ~ηπ)ψ
−
∑
a=2,5,7
(
ψ¯iγ5τ2λaCα
′
1aψ¯
T+ψT iγ5τ2λaCα
′
2aψ
)
. (3.3)
In Eq. (3.3), the OPT mass parameters η and ηπ are
the ones related to the scalar and pseudoscalar channels,
respectively, while α′1a and α
′
2a are those for the quark-
quark interaction scalar channel. Since 〈~π〉 = 0, we can
then set ~ηπ = 0 consistently [41].
Overall, the interpolated Lagrangian density used in
the OPT scheme in the present model can then be ex-
pressed in the form
Lδ,B = −δ (ζ
2 + ~π2)
4Gs
− δ |φ|
2
4Gd
+ ψ¯
[
iγµ∂µ −m− δ
(
ζ + iγ5~τ · ~π)− (1− δ)η]ψ
+ ψTCiγ5τ2
λ2
2
[δφ∗ + (1− δ)α2]ψ + ψ¯iγ5τ2λ2
2
C [δφ+ (1− δ)α1] ψ¯T , (3.4)
in which we have defined α1 ≡ −2α′12 and α2 ≡ −2α′22,
and we have also again performed the rotation φ2 ≡ φ
and φ5 = φ7 = 0, resulting in α1k = α2k = 0, with
k = 5, 7. It is important to note that when δ = 1, we
retrieve the original theory given by Eq. (2.2). We can
also conveniently rewrite Eq. (3.4) as
Lδ,B = q¯3
[
iγµ∂µ −m− δ(ζ + iγ5~π · ~τ )− (1− δ)η
]
q3 + q¯1,2
[
iγµ∂µ −m− δ(ζ + iγ5~π · ~τ)− (1− δ)η
]
q1,2
+
1
2
qT1,2iCγ
5τ2t2 [δφ
∗ + (1− δ)α2] q1,2 + 1
2
q¯1,2iγ
5Cτ2t2 [δφ+ (1− δ)α1] q¯T1,2 −
δ
4Gs
(
ζ2 + ~π2
)− δ
4Gd
|φ|2.
(3.5)
IV. THE EFFECTIVE POTENTIAL IN THE
OPT METHOD
We are now in position to derive the thermodynamic
effective potential for the NJL model with diquark inter-
actions within the OPT scheme. We evaluate the effec-
tive potential up to order δ1 in the OPT method, which
5will by itself already supply us with correction terms go-
ing beyond the standard LN approximation.
All relevant Feynman rules regarding the propagators
and vertices within the OPT scheme are represented in
Fig. 1.
Up to order δ in the OPT, we will have both one-loop
terms, as shown in Fig. 2, and also two-loop terms, as
shown in Fig. 3.
Below, we will evaluate separately the one-loop and
two-loop contributions shown in Figs. 2 and 3, respec-
tively.
A. The one-loop contribution to the effective
potential in the OPT expansion
At order δ, the one-loop Feynman’ diagrams contribu-
tion to the effective potential in the OPT is shown in
Fig. 2. In Fig. 2, a full line is associated with a fermionic
propagator related to all quarks, and it is a function of
δ. By expanding it in powers of δ and truncating to
O(δ1), we obtain the resulting contributions shown on
the right-hand side of Fig. 2. The effective potential can
be obtained by the usual functional integral technique
most easily when one makes use of the standard Nambu-
Gor’kov formalism [48, 49] applied to the quark fields. By
also using the Matsubara formalism of finite-temperature
quantum field theory [50] and performing the sum over
the Matsubara frequencies for the fermions, the obtained
effective potential at one loop and order δ at finite tem-
perature (T = 1/β) and chemical potential can be ex-
pressed explicitly in the form
V µ,µb,βeff;1−loop,δ1 = δ
σ2
4Gs
+ δ
|∆|2
4Gd
− N
∫
d3p
(2π)3
{[
E−α~p(µ) + E
+
α~p(µ)
]
+ δ
[
d
dδ
Eδ−α~p (µ) +
d
dδ
Eδ+α~p (µ)
]
δ=0
}
− Nf
∫
d3p
(2π)3
{[
E−~p (µb) + E
+
~p (µb)
]
+ δ
[
d
dδ
Eδ−~p (µb) +
d
dδ
Eδ+~p (µb)
]
δ=0
}
− 2N
∫
d3p
(2π)3
{
1
β
ln
(
1 + e−βE
−
α~p
(µ)
)
+
1
β
ln
(
1 + e−βE
+
α~p
(µ)
)
− δ
[
1
eβE
δ−
α~p
(µ) + 1
d
dδ
Eδ−α~p (µ) +
1
eβE
δ+
α~p
(µ) + 1
d
dδ
Eδ+α~p (µ)
]
δ=0
}
− 2Nf
∫
d3p
(2π)3
{
1
β
ln
(
1 + e−βE
−
~p
(µb)
)
+
1
β
ln
(
1 + e−βE
+
~p
(µb)
)
− δ
[
1
eβE
δ−
~p
(µb) + 1
d
dδ
Eδ−~p (µb) +
1
eβE
δ+
~p
(µb) + 1
d
dδ
Eδ+~p (µb)
]
δ=0
}
, (4.1)
where we have defined N ≡ (Nc − 1)Nf and
Eδ±α~p (µ
′)=
√√√√[Eδ±~p (µ′)]2 +
2∏
s=1
[αs + δ(∆s − αs)], (4.2)
Eδ±~p (µ
′) = Eδ~p ± µ′, (4.3)
Eδ~p =
√
~p2 + [M ′η(δ, σ, 0)]
2, (4.4)
with µ′ = µ, µb and
M ′η(δ, σ, 0) ≡M ′η(δ, 〈ζ〉, 〈~π〉)
= m+ δ(〈ζ〉+ iγ5〈~π〉 · ~τ) + (1− δ)η
= m+ η + δ(σ − η), (4.5)
where we have used 〈ζ〉 = σ and 〈~π〉 = 0. Note that the
chemical potentials were included by the usual prescrip-
tion i∂0 → i∂0 + µj in Eq. (3.5), with µ1 ≡ µr, µ2 ≡ µg
and µ3 ≡ µb, but in order to ensure that SU(2) color
symmetry between red and green quarks is not explic-
itly broken, we take µg = µr ≡ µ. In addition, we have
that ∆1 ≡ ∆, ∆2 ≡ ∆∗, with 〈φ〉 = ∆ and 〈φ∗〉 = ∆∗.
(Without loss of generality, we will assume ∆∗ = ∆ and
α1 = α2 ≡ α, since only the absolute values of these
quantities appear at the end.)
Then, in Eq. (4.1), we have that
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FIG. 1. The representation of the Feynman rule elements in the OPT method. (a) Fermionic propagator related to the δ-dependent quark
Ψ-field. (b) Fermionic propagator when δ = 0. (c) Propagator related to the boson (auxiliary) ζ-field. (d) Propagator related to each of
three πi-fields. (e) Propagator related to the diquark auxiliary field, real component φR. (f) Propagator related to the diquark auxiliary
field, imaginary component φI . (g), (h), (i), (j), The vertices related to the point interactions between a bosonic and two fermionic fields
at δ = 0. (If fermionic propagators depend on δ, the lines are represented here as thick ones.)
=
+ + + + +...
FIG. 2. One-loop diagrams in OPT expanded up to order δ1. The thick continuous line represents the fermionic propagator as a function
of δ. Thin lines represent the propagator when δ = 0. The dashed line represents the σ-field propagator, while the dotted one is associated
with the ∆-field propagator. The large black dot represents a δη-vertex insertion, and the white one represents a δα-vertex insertion.
+ ++ += + ++ O(δ2)
FIG. 3. To the left of the equality, the sum of two-loop diagrams in OPT (∝ 1/N1c ) capable of generating contributions of order δ
1. To
the right of the equality, sum of two-loops diagrams when expanded up to order δ1. All elements are defined according to the legend of
Fig. 1.
d
dδ
Eδ±~p (µ
′)
∣∣∣∣
δ=0
=
(m+ η)(σ − η)
E~p
, (4.6)
d
dδ
Eδ±α~p (µ
′)
∣∣∣∣
δ=0
=
1
E±α~p(µ
′)
[
E±~p (µ
′)
E~p
(m+ η)(σ − η)
+ α(∆− α)
]
, (4.7)
with
E±α~p(µ
′) ≡ Eδ=0±α~p (µ′) =
√
[E±~p (µ
′)]2 + α2,
E±~p (µ
′) ≡ Eδ=0±~p (µ′) = E~p ± µ′,
E~p ≡ Eδ=0~p =
√
~p2 + (m+ η)2. (4.8)
Note that if we were already at this one-loop level of the
OPT expansion, to apply the PMS condition Eq. (3.2)
to Eq. (4.1) to determine the optima η¯ and α¯, obtained,
respectively, from
∂Veff
∂η
∣∣∣
η=η¯
= 0, (4.9)
and
∂Veff
∂α
∣∣∣
α=α¯
= 0, (4.10)
we would simply find that η¯ = σ and α¯ = ∆, thus re-
covering immediately the usual LN approximation [note
that in this case, the terms in Eq. (4.1) involving the
derivatives (4.6) and (4.7) vanish], as expected.
B. The contributions of two loops in the OPT
expansion
Let us now give the explicit expressions for the two-
loop diagrams that also contribute with terms of order
δ1 in the OPT expansion. At two loops the diagrams that
contribute at order δ1 are those shown in Fig. 3, which
are constructed from the Feynman rules where, from the
Lagrangian density in the OPT interpolation, Eq. (3.5),
we have that the fermionic propagators carry a disper-
sion relation dependent on δ, as given by Eq. (4.2); each
(nonpropagating) bosonic propagator contributes with a
factor δ−1; and each interaction vertex carries a factor δ.
It is useful to separate the contributions that contribute
explicitly on the diquark OPT mass parameter α, corre-
sponding to the contributions that involve the green and
red quarks, and the ones involving the blue quark (which
has α = 0).
7The two-loop contributions of order δ from the OPT
expansion, and the contributions to the effective poten-
tial at finite temperature and chemical potential due to
the quarks with colors 1 (red) and 2 (green), which are
the ones forming diquarks, can be expressed explicitly in
the form
V˜ µ,βeff;2−loop,δ1 = N δ [(nπ + 1)Gs − 2Gd] [F1(η, α, µ, T )]2
−N δ(nπ + 1)Gs [F2(η, α, µ, T )]2
−N δ(m+ η)2 [(nπ − 1)Gs + 2Gd] [F3(η, α, µ, T )]2
+N δ(m+ η)2(nπ − 1)Gs [F4(η, α, µ, T )]2 , (4.11)
where again we are using N = (Nc− 1)Nf , nπ = 3 is the
number of pions, and we have defined the functions
F1(η, α, µ, T ) =
∫
d3p
(2π)3
[
E+~p (µ)
E+α~p(µ)
(
1
2
− 1
eβE
+
α~p
(µ) + 1
)
− E
−
~p (µ)
E−α~p(µ)
(
1
2
− 1
eβE
−
α~p
(µ) + 1
)]
, (4.12)
F2(η, α, µ, T ) =
∫
d3p
(2π)3
[
α
E+α~p(µ)
(
1
2
− 1
eβE
+
α~p
(µ) + 1
)
+
α
E−α~p(µ)
(
1
2
− 1
eβE
−
α~p
(µ) + 1
)]
, (4.13)
F3(η, α, µ, T ) =
∫
d3p
(2π)3E~p
[
E+~p (µ)
E+α~p(µ)
(
1
2
− 1
eβE
+
α~p
(µ) + 1
)
+
E−~p (µ)
E−α~p(µ)
(
1
2
− 1
eβE
−
α~p
(µ) + 1
)]
, (4.14)
F4(η, α, µ, T ) =
∫
d3p
(2π)3E~p
[
α
E+α~p(µ)
(
1
2
− 1
eβE
+
α~p
(µ) + 1
)
− α
E−α~p(µ)
(
1
2
− 1
eβE
−
α~p
(µ) + 1
)]
. (4.15)
The two-loop terms’ contributions to the effective po-
tential for quarks with color 3 (blue) are very analogous
to the ones derived in Ref. [41], and they can be ob-
tained directly from Eq. (4.11) by simply making the
changes α → 0, N → Nf , Gd → 0, µ → µb, and
[E±α~p(µ), E
±
~p (µ)]→ [E±~p (µb), E±~p (µb)], from which we ob-
tain
V¯ µb,βeff;2−loop,δ1 = Nfδ(nπ + 1)Gs
[∫
d3p
(2π)3
(
1
eβE
−
~p
(µb) + 1
− 1
eβE
+
~p
(µb) + 1
)]2
− Nfδ(m+ η)2(nπ − 1)Gs
[∫
d3p
(2π)3E~p
(
1− 1
eβE
+
~p
(µb) + 1
− 1
eβE
−
~p
(µb) + 1
)]2
. (4.16)
Adding Eqs. (4.1), (4.11), and (4.16), we get finally the
total effective potential in the OPT expansion at order
δ,
Vµ,µb,βδ1 (σ,∆, η, α) ≡ V µ,µb,βeff;1−loop,δ1(σ,∆, η, α)
+ V˜ µ,βeff;2−loop,δ1(η, α)
+ V¯ µb,βeff;2−loop,δ1(η). (4.17)
C. The effective potential at zero temperature and
finite chemical potential
Since we are interested in describing the physics of
dense and cold matter, we will from now on specialize
on the expression for the effective potential at zero tem-
perature. By taking the zero-temperature limit (β →∞)
in Eq. (4.17), we obtain, for each one of the terms in that
equation, the result
V µ,µb,β→∞eff;1−loop,δ1 = δ
σ2
4Gs
+ δ
|∆|2
4Gd
−N [JA(µ)
+ δ(m+ η)(σ − η)JE(µ) + δα(∆ − α)JB(µ)]
− 2Nf {IA + IC(µb) + δ(m+ η)(σ − η)
× [ID − IE(µb)]} , (4.18)
8V˜ µ,β→∞eff;2−loop,δ1 =
N δ
4
{
[(nπ + 1)Gs − 2Gd] [JC(µ)]2
− (nπ + 1)Gsα2[JB(µ)]2
}
− N δ(m+ η)
2
4
{
[(nπ − 1)Gs + 2Gd] [JE(µ)]2
− (nπ − 1)Gsα2[JD(µ)]2
}
, (4.19)
and
V¯ µb,β→∞eff;2−loop,δ1 = Nfδ(nπ + 1)Gs[IB(µb)]
2 −Nfδ(m+ η)2
× (nπ − 1)Gs[ID − IE(µb)]2, (4.20)
where IA and ID correspond to the vacuum terms
IA ≡
∫
d3p
(2π)3
E~p
= − 1
32π2

M4η ln


(
Λ +
√
Λ2 +M2η
)2
M2η


− 2
√
Λ2 +M2η (2Λ
3 + ΛM2η )
}
, (4.21)
ID ≡
∫
d3p
(2π)3
1
E~p
=
1
4π2
{
Λ
√
Λ2 +M2η
− M
2
η
2
ln


(
Λ +
√
Λ2 +M2η
)2
M2η



 , (4.22)
where we have defined Mη = m+ η and we have explic-
itly performed the integrals with a momentum cutoff Λ,
whose value will be fixed by fitting it together with the
other parameters of the model with the experimental ob-
servables (the pion mass, the pion decay constant, and
the quark condensate value).
The remaining terms, IB(µb), IC(µb), IE(µb), JA(µ),
JB(µ), JC(µ), JD(µ), and JE(µ) are the medium (chem-
ical potential)–dependent terms, given explicitly by the
expressions
IB(µb) ≡
∫
d3p
(2π)3
Θ(µb − E~p)
=
Θ(µb −Mη)
6π2
(
µ2b −M2η
) 3
2 , (4.23)
IC(µb) ≡
∫
d3p
(2π)3
(µb − E~p)Θ(µb − E~p)
=
Θ(µb −Mη)
32π2

M4η ln


(√
µ2b −M2η + µb
)2
M2η


+
10
3
µb
(
µ2b −M2η
) 3
2 − 2µ3b
√
µ2b −M2η
}
, (4.24)
IE(µb) ≡
∫
d3p
(2π)3
1
E~p
Θ(µb − E~p)
=
Θ(µb −Mη)
4π2
{
µb
√
µ2b −M2η
− M
2
η
2
ln


(√
µ2b −M2η + µb
)2
M2η



 , (4.25)
and
JA(µ) ≡
∫
d3p
(2π)3
[E−α~p(µ) + E
+
α~p(µ)], (4.26)
JB(µ) ≡
∫
d3p
(2π)3
[
1
E−α~p(µ)
+
1
E+α~p(µ)
]
, (4.27)
JC(µ) ≡
∫
d3p
(2π)3
[
E+~p (µ)
E+α~p(µ)
− E
−
~p (µ)
E−α~p(µ)
]
, (4.28)
JD(µ) ≡
∫
d3p
(2π)3
1
E~p
[
1
E+α~p(µ)
− 1
E−α~p(µ)
]
, (4.29)
JE(µ) ≡
∫
d3p
(2π)3
1
E~p
[
E−~p (µ)
E−α~p(µ)
+
E+~p (µ)
E+α~p(µ)
]
, (4.30)
with the momentum integrations in the above expressions
performed numerically, in practice (with the momentum
cutoff Λ).
V. DETERMINATION OF PARAMETERS IN
THE CONTEXT OF THE OPT
As already explained, the Lagrangian density in
Eq. (2.1) is an effective model, and it is also nonrenormal-
izable, such that the momentum cutoff Λ used to regular-
ize the momentum integrals, which along with the quark
current mass m and the coupling constants Gs and Gd
(this last one will be treated as an independent parame-
ter, as mentioned earlier), must be chosen in such a way
as to fit the experimental data (most conveniently for
vacuum quantities, i.e., when evaluated at zero temper-
ature and chemical potential, T = µ = 0). In the LN ap-
proximation, the procedure is very well understood and
explained in several places (see, e.g., Ref. [4]). However,
9when using other nonperturbative methods, we are led
to possible corrections to these basic quantities, most no-
tably the pion mass and the pion decay constant, which
are required to be evaluated at the appropriate order ac-
cording to the method used. The same is also true in the
OPT method. How the fitting quantities change in the
context of the OPT was explained in detail in Ref. [41].
Here, for completeness, we will review and extend the
results of Ref. [41] when the diquark interaction is also
present in the NJL Lagrangian density, as we have in
Eq. (2.1). This is an important step required for the sub-
sequent numerical analysis to be performed in the next
section and before one attempts to make predictions for
other physical quantities. We will start by first deriv-
ing consistently, in the OPT method and at the order
in which we are implementing our study, the basic pa-
rameters from data. These parameters, except for Gd
as already mentioned, can be estimated from the experi-
mental data, i.e. the mass of the pion mπ, the pion decay
constant fπ, and the quark condensate 〈ψ¯ψ〉. For defi-
niteness, the values for these quantities are set through-
out this work to the valuesmπ = 134MeV, fπ = 93MeV,
and −〈ψ¯ψ〉1/3 = 250 MeV.
Before discussing the appropriate fitting expressions,
let us first comment on the possible choices of values for
the diquark coupling constant Gd. Two possible con-
straints can be imposed in principle on this constant:
namely, that diquarks come to exist in the vacuum as
bound states and that they are stable,1 which implies
that the diquark mass md must satisfy the condition
0 < md < 2Mq [12, 42, 45–47], where Mq is the effec-
tive quark mass. These two conditions can be translated
in an lower and upper limit for Gg, G
min
d < Gd < G
max
d ,
where Gmind and G
max
d are determined by the expres-
sions [12, 47]
Gmaxd =
3
2
Gs
Mq
Mq −m, (5.1)
Gmind =
π2/4
Λ
√
Λ2 +M2q +M
2
q ln
(
Λ+
√
Λ2+M2q
Mq
) .(5.2)
For the typical parameters provided by the LN approxi-
mation, from the values for the mass of the pion mπ, the
pion decay constant fπ, and the quark condensate 〈ψ¯ψ〉
given above, we find thatm ≈ 4.99MeV,Mq ≈ 314 MeV,
Gs ≈ 4.94 GeV−2, and Λ ≈ 653 MeV, which give values
for Gd in the range 0.81Gs . Gd . 1.52Gs. However, in
this work, we take these ranges of values for Gd mostly
as reference values. Since we are mostly interested in the
study of the BEC-BCS crossover region, we find that at
1 In fact, the condition of diquark stability might not be a nec-
essary condition in principle, because it is not known whether
the scalar diquark is really a bound state. (We thank L. He for
pointing this out to us.)
values of Gd around the minimum value G
min
d there is
no BEC phase, the transition from the chiral phase to
that of the condensate of diquarks is first order, prevent-
ing the appearance of the BEC phase. A large value of
Gd can make diquarks condense already at very small
values of the chemical potential. But diquark condensa-
tion for chemical potential below the nucleon mass value
is unrealistic, so these cases should be excluded. This
is in fact a strong condition, excluding the possibility
of the BEC phase in the NJL, at least in its simplest
version. We will say more about this when discussing
our results in the next section. In the present study, we
find that a BEC phase can appear in the LN case when
1.05Gs . Gd . 1.52Gs. More specifically, to allow com-
parison of our results with previous ones obtained with
the LN method and considered in Ref. [42], we will use
values of Gd such that 1.3Gs . Gd . 1.52Gs, which was
also the same range of values considered in Ref. [42]. For
the OPT case, we also find allowed values of Gd close to
these in the case of the absence of color neutrality. When
the condition of color neutrality is imposed, these values
shift in the case of the OPT and give a much smaller
window of values for Gd allowing for a BEC phase, as we
will show in Sec. VID.
Let us now turn to the problem of determining the
parameters of the model. The three basic parameters of
the NJL model i.e., the values of the quark current mass
m, the quark-antiquark coupling Gs, and the ultraviolet
cutoff Λ, are determined from the system of equations,
evaluated at the vacuum (T = µ = µb = 0), formed by
Refs. [4, 5]: The system of equations is composed by the
equation for the quark condensate
σc = −2Gs〈ψ¯ψ〉 (5.3)
by the pion mass equation, which is determined by the
pole of the pion propagator and by the equation for the
pion decay constant. Note that since all fitting expres-
sions are determined in the vacuum, where the diquarks
are not condensed i.e., ∆c = 0 the presence of a diquark
interaction will not affect the fitting parameters, at least
in the LN approximation, where diquark fluctuations do
not contribute. This is, however, not true in the OPT
case, where already at order δ there will be two-loop
terms with diquark fluctuations contributing to both the
pion mass and the pion decay constant. Thus, the fit-
tings in the OPT case will depend explicitly on the di-
quark coupling Gd, as we will show below. The other
parameters can be found by solving a system of equa-
tions formed by the gap equation determining the chiral
condensate σc,
∂Veff
∂σ
∣∣∣
σ=σc
= 0, (5.4)
and the diquark condensate,
∂Veff
∂∆
∣∣∣
∆=∆c
= 0, (5.5)
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and, in the OPT case, by the two PMS equations (4.9)
and (4.10) used to determine the optima η¯ and α¯. Note
also that, in the OPT case, in the vacuum, since the value
of ∆ that minimizes the effective potential is ∆c = 0,
it can be easily shown that the PMS Eq. (4.10) for α
provides a value α¯ = 0. In practice, this means that
we can get all the vacuum equations for the parameter
calculations from the thermodynamic effective potential,
V
(vac)
eff (σc, η¯) = Vµ=0,µb=0,β→∞δ1 (σc,∆c = 0, η¯), (5.6)
which is found after we make the substitutions in, e.g.,
Eq. (4.17): [α,E±α~p(µ)]→ [0, E±~p (µ)], µ = µb = 0, ∆ = 0,
and β → ∞, which gives the OPT expression for the
effective potential, at order δ and in the vacuum,
V
(vac)
eff (σc, η¯) = δ
σ2c
4Gs
− 2NcNf [IA + δ(m+ η¯)(σc − η¯)ID]
− NcNfδ(m+ η¯)2Gs
×
[
(nπ − 1) + 2(Nc − 1)
Nc
Gd
Gs
]
I2D. (5.7)
The gap equation (5.4) for σc, the relation with the
chiral condensate and the PMS Eq. (3.2) to η¯ are easily
obtained from Eq. (5.7) and they result in
MOPTq = m+ 4GsNcNfMI2, (5.8)
〈ψ¯ψ〉 = −M
OPT
q −m
4Gs
, (5.9)
M = MOPTq + f(Gd)GsMI2, (5.10)
where we have defined MOPTq = m+ σc, M = m+ η¯,
f(Gd) ≡ (nπ − 1) + 2Gd
Gs
(Nc − 1)
Nc
, (5.11)
and I2 in Eq. (5.10) is given by
I2 ≡
∫
d3p
(2π)3
1
E~p
=
1
4π2
{
Λ
√
Λ2 +M2 − M
2
2
× ln
[
(Λ +
√
Λ2 +M2)2
M2
]}
. (5.12)
The equations for the pion mass mπ and for the pion
decay constant fπ are evaluated next in the context of
the OPT approximation.
Note that from Eqs. (5.8) and (5.10), we obtain the
simple relation between η¯ and σc in the vacuum:
η¯ = σc[1 + f(Gd)/(4NcNf )]
= σc
[
1 +
nπ − 1
4NcNf
+
Gd
Gs
(Nc − 1)
2N2cNf
]
, (5.13)
which shows that in the large-Nc limit we reproduce the
result η¯ = σc as expected in the LN approximation.
A. The pion mass equation
The pion mass is determined by the pole of the pion
propagator, which can be expressed as [41]
1− 2GsΠπ(q2), (5.14)
where Ππ(q
2) is the pion self-energy, evaluated consis-
tently at the required OPT order. In our case, where we
are evaluating quantities up to O(δ) in the OPT expan-
sion, we will have contributions to the pion self-energy
that include both one- and two-loop terms, which are
shown in Fig. 4.
The free fermion propagators shown in Fig. 4 and re-
lated to the quarks q1 and q2 (red and green in color
space) and to q3 are given, respectively, by
iGvacΨ (p) = iG
vac(p)1NG, (5.15)
and
iGvacq3 (p) = iG
vac(p), (5.16)
where
Gvac(p) =
/p+M
p2 −M2 + iǫ , (5.17)
and Ψ represents the quarks q1 and q2 in the Nambu-
Gor’kov space [48, 49], with 1NG being the identity ma-
trix in this space.
The one-loop diagram shown in Fig. 4, when using
the vertex τiγ
5 and the Feynman rules obtained from
Eq. (3.4), can be written explicitly in the form
iΠ(1)π (q
2)δij = −
∫
d4p
(2π)4
Trc,f,D
[
iGvac(p)(τiγ
5)
× iGvac(p+ q)(τjγ5)
]
, (5.18)
where q denotes here the external momentum and δ = 1
is considered in this and in all subsequent terms evaluated
in the OPT expansion. After we perform the traces in
flavor and color spaces, we find
Π(1)π (q
2) = 2iNcNf
[
2IG(M)− q2I(q2)
]
, (5.19)
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FIG. 4. Diagrams relevant to the calculation of the pion mass and its decay constant in the OPT expansion up to O(δ). The thick
continuous line represents vacuum fermionic propagators for quarks with all colors, which are evaluated when ∆ = ∆c = 0; the thin line
represents vacuum fermionic propagators for only quarks with colors 1 and 2; the dashed line represents the chiral bosonic scalar ζ field
propagator; the dash-dotted one represents the pion ~π-fields propagator; the dotted one is related to the φR field; and the continuous-
dotted line is associated with the φI field. In addition, the vertex pairs represented by an “X” in each diagram can be γ
5τi,j (in the case
of the pion mass equation) or γ5γµ,ντi,j (in the case of the decay constant equation). All quantities are calculated when δ = 1.
where
IG(M) =
∫
d4p
(2π)4
1
p2 −M2 + iǫ = −
i
2
I2, (5.20)
and
I(q2)=
∫
d4p
(2π)4
1
(p2−M2+iǫ)[(p+q)2−M2 + iǫ] . (5.21)
The self-energy terms generated by the two-loop dia-
grams, given by the second and third diagrams shown in
Fig. 4 and related to the scalar ζ and pion ~π chiral fields
can be written, respectively, as
−iΠ(2),ζπ ij (q2) = −i2Gs
∫
p1,p2
Trc,f,D
[
(−i)iGvac(p1)(τiγ5)
× iGvac(p1 + q)(−i)iGvac(p2 + q)
× (τjγ5)iGvac(p2)
]
, (5.22)
and
−iΠ(2),~ππ ij (q2) = −i2Gs
∫
p1,p2
Trc,f,D
[
(τkγ
5)iGvac(p1)
× (τiγ5)iGvac(p1 + q)(τkγ5)iGvac(p2 + q)
× (τjγ5)iGvac(p2)
]
, (5.23)
where
∫
p1,p2
≡
∫
d4p1
(2π)4
d4p2
(2π)4
. (5.24)
Evaluating again the traces in the above expressions,
we obtain
Π(2),ζπ (q
2) = −8GsNcNf
{
I2G(M)− q2
[
IG(M)I(q2)
− M2I2(q2)− q
2
4
I2(q2)
]}
, (5.25)
and
Π(2),~ππ (q
2) = −8(nπ − 2)GsNcNf
{
I2G(M)
− q2
[
IG(M)I(q2) +M2I2(q2)− q
2
4
I2(q2)
]}
,
(5.26)
where
Π
(2),ζ
π ij (q
2) = Π(2),ζπ (q
2)δij ,
Π
(2),~π
π ij (q
2) = Π(2),~ππ (q
2)δij . (5.27)
The contributions of the last two diagrams shown in
Fig. 4 are related to the real and imaginary components
of the diquark scalar field, φR and φI , respectively. In
this case, only the vacuum propagator relative to the
Nambu-Gor’kov spinor Ψ, given by Eq. (5.15), needs to
be taken into account. Explicitly, we have that
−iΠ(2),φRπ ij (q2) =
1
2
(−i2Gd)
∫
p1,p2
Trall
[
i2γ5τ2t2
(
0 1
1 0
)
iGvacΨ (p1)γ
5
(
τi 0
0 τTi
)
iGvacΨ (p1 + q)
× i2γ5τ2t2
(
0 1
1 0
)
iGvacΨ (p2 + q)γ
5
(
τj 0
0 τTj
)
iGvacΨ (p2)
]
, (5.28)
and
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−iΠ(2),φIπ ij (q2) =
1
2
(−i2Gd)
∫
p1,p2
Trall
[
(−i2γ5τ2t2)
(
0 −i
i 0
)
iGvacΨ (p1)γ
5
(
τi 0
0 τTi
)
iGvacΨ (p1 + q)
× (−i2γ5τ2t2)
(
0 −i
i 0
)
iGvacΨ (p2 + q)γ
5
(
τj 0
0 τTj
)
iGvacΨ (p2)
]
, (5.29)
where Trall also incorporates the trace in the Nambu-
Gor’kov space.
It is easy to show that Π
(2),φR
π ij (q
2) = Π
(2),φI
π ij (q
2).
Therefore, we only have to calculate Eq. (5.28) or, equiv-
alently, Eq. (5.29). After the calculation of the traces,
we obtain the joint contribution of the two diagrams:
Π(2),φπ (q
2) ≡ Π(2),φRπ (q2) + Π(2),φIπ (q2)
= 2Π(2),φRπ (q
2)
= −16Gd(Nc − 1)Nf
{
I2G(M)
− q2
[
IG(M)I(q2) +M2I2(q2)− q
2
4
I2(q2)
]}
.
(5.30)
The pion mass mπ is the pole of its propagator. This
means that Eq. (5.14) should be null when we make q2 →
m2π. Since Ππ(q
2) is the sum of Eqs. (5.19), (5.26), (5.25),
and (5.30), we can write
0 = 1− 2GsΠπ(m2π)
= 1− 4iGsNcNf
[
2IG(M)−m2πI(m2π)
]
+ 4NcNfG
2
s
{
f(Gd)
[
2IG(M)−m2πI(m2π)
]2
− 4 [f(Gd)− 2]m2πM2I2(m2π)
}
, (5.31)
where f(Gd) was already defined in Eq. (5.11), and the
integral I(m2π) is given by
I(m2π) =
i
8π2
[
ln
(
Λ +
√
Λ2 +M2
M
)
−
√
4
M2
m2π
− 1
× tan−1
(
Λ√
Λ2 +M2√4M2/m2π − 1
)]
.
(5.32)
Now, iterating once the PMS equation (5.10) and sub-
stituting in the gap equation (5.8), we get the relation
m
MOPTq
= 1− 8iGsNcNfIG(M)
+ 16f(Gd)G
2
sNcNfI
2
G(M), (5.33)
which, when inserted into Eq. (5.31), gives us the result
m
MOPTq
= 4GsNcNfm
2
π
{
− iI(m2π) + 4f(Gd)Gs
×
[
IG(M)I(m2π) +
(
M2 − m
2
π
4
)
I2(m2π)
]
− 8GsM2I2(m2π)
}
. (5.34)
We can clearly see that Eq. (5.34) satisfies the Gold-
stone theorem. When we take m = 0 (the chiral case) in
Eq. (5.34), we automatically obtain mπ = 0, consistent
with the Goldstone theorem.
B. The pion decay constant equation
Let us now evaluate the pion decay constant in the
OPT expansion to order δ. The pion decay constant can
be expressed as [41]
〈0|TAiµ(q)Ajν(0)|0〉 = igµνδijf2π +O(qµqν), (5.35)
where Aiµ ≡ ψ¯γµγ5(τ i/2)ψ. In practice, we can take
advantage of all the diagrams of Fig. 4 again, but we re-
place the vertex γ5τi,j with γ
5γµτi,j/2 to compute f
2
π .
Since the calculations are analogous, yet more laborious
than those made previously to obtain the expression con-
taining the pion mass, we show some the details in the
Appendix. From the results given there, we extract that
the contribution from each loop term contributing to fπ
can be expressed in the form
f2π,1 = −2iNcNfM2I(0), (5.36)
f2π,ζ = 4GsNcNfM4I2(0), (5.37)
f2π,~π = 4GsNcNf(nπ − 2)M4I2(0), (5.38)
f2π,φ = 8Gd(Nc − 1)NfM4I2(0), (5.39)
with the integral I(0) obtained from the limit q2 → 0
applied to Eq. (5.21), which gives
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I(0) =
i
8π2
[
sinh−1
(
Λ
M
)
− Λ√
Λ2 +M2
]
. (5.40)
The final expression for f2π is obtained by adding
Eqs. (5.36), (5.37), (5.38), and (5.39), which finally gives
f2π = −2iNcNfM2I(0) + 4NcNfGsf(Gd)M4I2(0).
(5.41)
C. The complete fitting expressions in the OPT
expansion to O(δ)
The complete set of consistent equations that need to
be solved in order to provide the values of the parame-
ters, once the numerical data for mπ, fπ, and 〈q¯q〉 are
provided, is then
MOPTq = m+ 4GsNcNfMI2, (5.42)
M =MOPTq + f(Gd)GsMI2, (5.43)
〈ψ¯ψ〉 = −M
OPT
q −m
4Gs
, (5.44)
f2π = −2iNcNfM2I(0) + 4f(Gd)NcNfGsM4I2(0),
(5.45)
and
m
MOPTq
= 4GsNcNfm
2
π
{
− iI(m2π) + 4f(Gd)Gs
×
[
IG(M)I(m2π) +
(
M2 − m
2
π
4
)
I2(m2π)
]
− 8GsM2I2(m2π)
}
. (5.46)
TABLE I. Parameter values used in the OPT scheme and in the
LN approximation (last line). The inputs used aremπ = 134 MeV,
fπ = 93 MeV, and −〈ψ¯ψ〉1/3 = 250 MeV.
Gd/Gs Mq (MeV) m (MeV) Gs (GeV
−2) Λ (MeV)
1.3 293.445 4.777 4.619 640.112
1.4 292.973 4.760 4.611 639.597
1.5 292.520 4.744 4.604 639.077
1.53 292.389 4.739 4.602 638.920
1.54 292.345 4.737 4.602 638.867
1.55 292.302 4.735 4.601 638.815
LN 313.519 4.987 4.937 653.331
From the input values, we obtain numerically, sets of
parameters for some values of Gd/Gs, as shown in Ta-
ble I. Note that, as compared to the LN approxima-
tion, the corrections due to OPT cause a slight drop2
in all parameters of the table, and this fall is intensified
with increasing coupling between quarks (represented by
Gd). The LN approximation, which can be obtained
when we neglect the OPT two-loop contributions in the
equations that compose the system, does not provide pa-
rameters that depend on Gd, as already explained, since
diquark fluctuations would contribute with subleading
1/Nc correction terms, but these terms do contribute in
the OPT case. The values corresponding to the ratios
Gs/Gd = 1.53, 1.54, and 1.55 and shown in the Tab. I
will be used when imposing the color neutrality condi-
tion, while the other values will be used in the absence
of color neutrality and in the comparison of our OPT
results with those obtained in the LN approximation.
VI. NUMERICAL RESULTS USING THE OPT
FOR THE COLD AND DENSE SYSTEM
Before presenting our results, it is useful to first recall
a few properties regarding the BEC-BCS crossover and
the requirement for color neutrality.
A. The BEC-BCS crossover
If we start from the dispersion relation e.g., the one
from the mean field LN approximation, from Eq. (4.2)
and set δ = 0, µ′ = µ (red and green quarks), αs →
∆, and η → σ, we have, for example, E−∆,~p(µ) =√[√
p2 +M2q − µ
]2
+∆2. For small chemical poten-
tial µ ≤ Mq, the minimum of the dispersion is located
at |~p| = 0, with particle gap energy
√
M2q +∆
2, which
would correspond to the fermionic (quark) spectrum in
the BEC state. At values of chemical potential such
that µ > Mq, the minimum of the dispersion is shifted
to |~p| 6= 0, and the particle gap is ∆. This corre-
sponds to the fermionic spectrum in the BCS state. It
is then useful to define an effective chemical potential
µN ≡ µ − Mq, which will serve as an indicator of the
BEC-BCS crossover [42].
B. Color neutrality condition
In the model given by Eq. (2.1) for Nc = 3, in the
choice that allows only red and green color quarks to form
diquarks and that leaves out the blue ones, for example,
it follows that when equal chemical potentials are intro-
duced for the three colors µr = µg = µb ≡ µB/3, where
2 Translating in percentages, there is a decrease of approximately
2% in Λ, 6% to 7% in Gs, 3% to 5% in m, and 6% to 7% in Mq .
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µB represents the baryon chemical potential the phase
characterized by the absence of the diquark condensate,
∆c = 0, keeps the color symmetry SU(3), while the phase
at which the condensate is nonzero, ∆c 6= 0, breaks the
SU(3) color symmetry down to SU(2). However, in the
latter case, the number densities of the quarks that form
the diquarks, nr and ng, are identical and are larger than
the density of the blue-colored quarks, nb [42, 45, 51, 52].
This means that in this phase, the system as a whole
does not have the property of color neutrality, which is
physically verified. In fact, such a situation also occurs
in QCD when we consider the two-flavor superconduct-
ing color phase, but it is possible to generate the eighth
gluon field, which guarantees the color neutrality auto-
matically [45] in theory. Effectively, it generates a chem-
ical potential µ8. Since in the NJL model we do not have
gluon degrees of freedom, what is done to ensure color
neutrality is to add by hand a chemical potential term
µ8 in the Lagrangian density of the theory – µ8ψ¯γ
0T8ψ,
with T8 =
√
3λ8 – and impose that 〈Q8〉 = 0, which is
equivalent to demanding the condition
n8 = − ∂Ω
∂µ8
= 0, (6.1)
where Ω is the thermodynamic potential in the desired
approximation. Furthermore, in practice, the chemical
potential µ8 enters in the final expressions obtained. Un-
til then, we can simply make the changes [42] µg = µr =
µ→ µB/3 + µ8/3 and µb → µB/3− 2µ8/3. This will be
the procedure we will also follow here when demanding
color neutrality.
Note that besides the imposition of color neutrality,
electric charge neutrality in principle should also be con-
sidered. Including electric charge neutrality introduces
an extra chemical potential, µQ, which is proportional
to the electric charges for the u and d quarks and in-
troduces an explicit difference in chemical potentials for
these quarks. This difference in chemical potentials can
lead to some important effects, such as a gapless color
superconducting phase [53, 54]. Since in this work we
are primarily interested in the comparison of the LN re-
sults for the BEC-BCS crossover with the OPT ones, we
will here neglect for simplicity the condition of electric
charge neutrality, as was the case also in the previous
works [42, 45]. But we should keep in mind that for
any realistic application, such as in the determination of
the equation of state relevant for the physics of compact
stellar objects, both of the conditions of color – electric
charge neutrality and β-equilibrium – should be imposed.
C. Numerical results: Absence of color neutrality
We now turn to the numerical results obtained with
the OPT method and the comparison of these results
with those obtained using the LN approximation. For
simplicity and making easier the comparison between the
OPT and LN results, we will first analyze the case of
the absence of color neutrality (e.g., we consider µ8 = 0
initially), and we can assume simply, as previously stated,
that µr = µb = µg ≡ µB/3.
From the OPT thermodynamic potential at zero tem-
perature, V OPTeff (σc,∆c), given by the sum of Eqs. (4.18),
(4.19), and (4.20), together with the corresponding gap
equations for the chiral and diquark condensates,
∂Veff
∂σ
∣∣∣∣
σ=σc
= 0,
∂Veff
∂∆
∣∣∣∣
∆=∆c
= 0, (6.2)
and the PMS conditions, Eqs. (4.9) and (4.10), applied
to the OPT mass parameters η and α, we can find nu-
merically the behavior for the chiral condensate σ (and
consequently, that for the effective quark mass Mq) and
diquark condensate ∆, as well as all the relevant ther-
modynamic properties of the system, as a function of the
chemical potential. (For convenience we drop the sub-
script c in σ and ∆ from now on.) In the absence of
color neutrality, we can write the effective chemical po-
tential characterizing the BEC-BCS crossover simply as
µN = µB/3 −Mq. As in conventional in the literature,
we will present the results as a function of the baryon
chemical potential µB.
We start by showing in Fig. 5 the behavior of the ef-
fective quark mass Mq and ∆ with the increase of the
baryon chemical potential µB for Gd/Gs = 1.3, 1.4 and
1.5, which were the same values considered in Ref. [42],
which studied the BEC-BCS crossover in the LN approx-
imation. The µN result for each method is also indicated
in the plots, such as to facilitate visualization of the BEC
region, which corresponds to the values of µB for which
µN < 0, when ∆ 6= 0, going to µN > 0, correspond-
ing to the BCS region. The results in Fig. 5 indicate
that OPT disfavors the BEC region and that this re-
gion seems to decrease more significantly with the de-
crease of the ratio Gd/Gs. In addition, we observe that
the OPT also disfavors the region in which ∆ 6= 0 for
1.3 . Gd/Gs . 1.5, increasing the value of critical chem-
ical potential(s) µB,c (OPT) relative to those of the LN
approximation. From the qualitative point of view, the
variation of ∆ and MOPTq with the variation of µB re-
main similar to the ones observed in the LN case, while
maintaining the phase transition as being second order
when color neutrality is not required, as shown in Fig. 6.
By looking again at Fig. 5, we note that the value of
the condensate ∆ given by the OPT is always smaller
than the one given by the LN approximation, and this
difference becomes larger with the increase of Gd/Gs. In
addition, we observe thatMOPTq increasingly approaches
MLNq for increasing values of Gd/Gs and µB. The differ-
ence between these quantities – for example, for the case
Gd/Gs = 1.5 – is visually insignificant from the critical
chemical potential µB,c (OPT) of the phase transition in
OPT. Something similar occurs with the chemical poten-
tial for which occurs the BEC-BCS crossover, obtained
by the condition µN = 0, µ
BEC−BCS
B,c . In the OPT, the
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FIG. 5. Diquark condensate ∆, effective mass Mq , and
effective chemical potential µN as a function of the baryon
chemical potential µB for different values of the ratio Gd/Gs
in the LN approximation and OPT comparatively.
crossover requires a value of µBEC−BCSB,c (OPT) that is
lower than that of in the LN approximation case, and
this difference tends to decrease appreciably with the in-
crease of Gd/Gs.
These results concerning the BEC-BCS crossover and
the differences between the LN and OPT critical values
are summarized in the Table II, where, for completeness,
we also show the value for the pseudocritical chemical po-
tential, µchB,pc, for the chiral symmetry crossover (defined
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FIG. 6. The effective potential in the OPT at zero
temperature with the vacuum energy subtracted, Veff ≡
Veff(σ,∆, η¯, α¯, µB) − Veff(σvac,∆ = 0, η¯vac, α¯, µB = 0), as a
function of ∆ for different values of baryon chemical poten-
tial µB around the critical value µB,c = 0.4686 GeV , for
the ratio Gd/Gs = 1.4. The evolution of the global mininum
of potential when changing µB suggests a second-order phase
transition in the order parameter ∆, as occurs in the LN case.
by the position of the inflection point in Mq).
TABLE II. Values of critical chemical potentials for the LN
and OPT, in both cases in the absence of color neutrality.
No color neutrality case
Gd/Gs µB,c (GeV) µ
BEC−BCS
B,c (GeV) µ
ch
B,pc (GeV)
1.3 0.6003 0.7051 0.7398
LN 1.4 0.4513 0.6334 0.6785
1.5 0.2010 0.5557 0.6104
1.3 0.5972 0.6820 0.7306
OPT 1.4 0.4686 0.6155 0.6742
1.5 0.2787 0.5454 0.6134
To also exemplify some of the differences between OPT
and LN for other thermodynamic quantities, in Fig. 7 we
show the vacuum subtracted pressure and energy densi-
ties, Pn(σ,∆) and εn(σ,∆), respectively, in addition to
the equation of state Pn(εn), where Pn = P − Pvac and
εn = ε− εvac, with (at T = 0)
P (σ,∆) = −Veff(σ,∆), (6.3)
ε(σ,∆) = −P (σ,∆) + µBnB, (6.4)
where nB is the baryon number density, given by
nB = − ∂
∂µB
Veff(σ,∆). (6.5)
We have restricted Fig. 7 to show only the case
Gd/Gs = 1.4 as an example. Visually, there is no sig-
nificant differences between such cases in the region of
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FIG. 7. The pressure (top plot), the energy density as a func-
tion of µB (middle plot) and the equation of state (bottom
plot), both for the ratio Gd/Gs = 1.4.
interest. But in the region of intermediate baryon chemi-
cal potentials, the OPT slightly decreases its values com-
pared to the LN approximation for the value of Gd/Gs
used herein.
D. The OPT results in the case of color neutrality
Let us now consider the case of imposing the color
neutrality condition. As already discussed above, in this
case we set µ = µB/3 + µ8/3, µb = µB/3 − 2µ8/3, and
the condition of color neutrality, given by Eq. (6.1), must
be satisfied in the region where ∆ 6= 0, that represents
the physical case.
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FIG. 8. The vacuum subtracted effective potential in the
OPT at zero temperature as a function of ∆, for different
values of the baryon chemical potential µB around the critical
value µB,c = 0.7323 GeV and for the ratio Gd/Gs = 1.3. The
behavior of the global minimum of potential with the variation
of µB and the coexistence between the two minima suggests
a first-order phase transition in the order parameter ∆.
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FIG. 9. The diquark condensate ∆, the effective quark mass
Mq, and the effective chemical potential µN as a function of
the baryon chemical potential µB for Gd/Gs = 1.3, in the
LN approximation and OPT comparatively. Color neutrality
is considered. The thin vertical line indicates the position of
the first-order transition (discontinuity) in ∆.
The main effect coming from the corrections due to
the OPT in relation to the case of LN, for the values of
Gd/Gs previously considered, is that there is a discon-
tinuity in ∆(µB) at the critical baryon chemical poten-
tial µB,c (OPT), indicating a first-order phase transition.
The emergence of a first-order transition in this case can
be confirmed and illustrated in Figs. 8 and 9, where in
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both cases we have considered the case Gd/Gs = 1.3
as an example. In this case, when the baryon chemical
potential increases, the potential presents a new (local)
minimum around µB ≃ 0.7113 GeV, and at the criti-
cal baryon chemical potential µB,c ≃ 0.73226 GeV, this
minimum is aligned to the one at ∆ = 0. If we keep
increasing the chemical potential, the minimum at origin
becomes local, and after that, a maximum point, around
µB ≃ 0.7365 GeV emerges. This interval, 0.7113 GeV
. µB . 0.7365 GeV, corresponds to a metastable region,
represented by the thin vertical gray region in Fig. 9. In
the LN case, the BEC region, when contrasted with the
case shown in Fig. 5 obtained when neglecting color neu-
trality, also shrinks, but it does not disappear completely,
consistent with the observations made in Ref. [42].
We should remark that in the LN approximation, the
transition eventually also turns first order, but for values
of the ratio Gd/Gs . 1.05, as observed in Refs. [42, 43].
By increasing the ratio Gd/Gs, we can again recover a
second-order transition for the phase with a diquark con-
densate and a BEC-BCS crossover. For the OPT case, we
find that the minimum value required for a second-order
phase transition shifts from Gd/Gs ≈ 1.05 in the LN case
to a value Gd/Gs ≈ 1.525, which is itself very close to
the maximum value allowed for the ratio Gd/Gs before
the mass of the diquark vanishes, precluding the insta-
bility of the vacuum. In the OPT, for the parameters
considered, this happens for values Gd/Gs > 1.55.
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FIG. 10. The vacuum subtracted effective potential in the
OPT at zero temperature as a function of ∆ for different val-
ues of baryon chemical potential µB around the critical value
µB,c = 0.4653 GeV, for Gd/Gs = 1.53. The behavior of the
global minimum of potential with the variation of µB sug-
gests a second-order phase transition in the order parameter
∆. Color neutrality is considered.
In Fig. 10, we show the effective potential in the OPT
for the case of Gd/Gs = 1.53, confirming the resurgence
of the second-order phase transition for diquark conden-
sation.
Next, we will restrict our attention to the cases where a
second-order phase transition for diquark condensation is
possible in the OPT, which will in particular correspond
to the cases where the ratio of Gd/Gs will assume the
values Gd/Gs = 1.53, 1.54, and 1.55.
In Fig. 11, we show the results for ∆,Mq, and µN for
the values Gd/Gs = 1.53, 1.54, and 1.55. It is possible to
see that, similarly to the LN case with results shown in
Fig. 5, as we increase the ratio Gd/Gs, the OPT favors
the BEC phase. The critical baryon chemical potential
µB,c and the crossover value µ
BEC−BCS
B,c both decrease as
the ratio Gd/Gs increases. But µB,c is more affected by
the value of Gd/Gs. In the LN case, however, both µB,c
and µBEC−BCSB,c suffer similar influence due to a variation
of of Gd/Gs. Both of these results can be seen in Fig. 12.
In Fig. 12, we illustrate the evolution of the critical
points µB,c, µ
BEC−BCS
B,c , while in Fig. 13 we give the width
of the BEC region, defined by (µBEC−BCSB,c − µB,c) as a
function of Gd/Gs, for both the LN and OPT cases.
In Table III we summarize the values for the critical
chemical potentials obtained when considering the color
neutrality condition in the LN and OPT cases. For com-
pleteness, we also give the values for the pseudocritical
chemical potential for chiral condensation, µchB,pc. Note
that the critical baryon chemical potential for the BEC
transition always tends to decrease as we increase the ra-
tio Gd/Gs, which is true in both the LN and OPT cases.
Note also that the results for the critical baryon chem-
ical potentials always remain below that of the value of
the onset of baryonic matter (e.g., when comparing with
the nucleon mass), which prompts the question of the
reliability of these results when applied to real QCD. In
fact, the same trend we see here is also seen in all previ-
ous studies for the BEC-BCS crossover study in the NJL
model (see, however, Ref. [17]). As far as this issue is
concerned, when we compare the LN and OPT results,
we see that while the LN gives a much larger range of val-
ues for Gd/Gs allowing for the BEC phase, in the OPT
case this window shrinks considerably to a very small
range of values, 1.525 . Gd/Gs . 1.55. In a sense,
by including further contributions from both meson and
diquark fluctuations (represented by the two-loop contri-
butions) which are absent in the LN approximation, the
OPT clearly disfavors the emergence of a BEC phase.
This seems more in accordance, based on these results,
with the expectancy that the appearance of a diquark
BEC phase at low density must be an artificial effect in
the (three-color) NJL model.
As already mentioned previously, the BEC-BCS
crossover can be characterized by the shape of the disper-
sion relation for the quark field, which for the OPT case
is given by Eq. (4.2) when setting δ = 1,∆1 = ∆2 = ∆,
α1 = α2 = α, and µ
′ = µ = µB/3+µ8/3, or E
δ=1−
∆,~p (µ) =√[√
p2 + (MOPTq )
2 − µ
]2
+∆2 (the same form as in the
LN). In Fig. 14, we illustrate the particle dispersion for
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FIG. 11. Diquark condensate ∆, effective mass Mq, and ef-
fective chemical potential µN as a function of baryon chemical
potential µB for different values of Gd/Gs in the OPT case.
Color neutrality is considered.
the OPT in the color neutrality case for the example of
Gd/Gs = 1.53. For values of µB ≤ µBEC−BCSB,c , the min-
imum of the dispersion is located at ~p = 0, and the gap
energy is |µN | (remembering that µN = µ−MOPTq , where
MOPTq = m + σ
OPT ). The BEC phase corresponds to
the region between µB,c and µ
BEC−BCS
B,c . Increasing the
chemical potential beyond µBEC−BCSB,c , this minimum is
shifted to |~p| ≃ |µ| and the gap becomes equal to ∆,
indicating the BCS phase. Note that the diquark con-
TABLE III. Values of critical chemical potential, considering
color neutrality effects, for LN and OPT.
The color neutrality case
Gd/Gs µB,c (GeV) µ
BEC−BCS
B,c (GeV) µ
ch
B,pc (GeV)
1.3 0.7137 0.7370 0.7361
LN 1.4 0.6144 0.6603 0.6459
1.5 0.4474 0.5767 0.5334
OPT
1.53 0.4653 0.5651 0.5213
1.54 0.4366 0.5573 0.5119
1.55 0.3939 0.5496 0.5025
densate ∆, as can be seen from Figs. 5 and 11, tends to
remain smaller than the baryon chemical potential. We
also find that the critical chemical potential for the BEC
transition (µc ≡ µB,c/3) corresponds exactly to half the
mass of the diquarks. This can be proofed as follows:
The diquark mass can be computed in the OPT scheme
similarly to the calculation of the pion mass shown in
Sec. VA, with the appropriate changes – e.g., by replac-
ing the pion vertex −iγ5τi with that of the diquark bo-
son field with the quarks, iCγ5τ2t2 obtained from the
bosonized Lagrangian density Eq. (2.2) – from which we
then obtain that the diquark mass is determined by the
pole equation obtained in terms of the diquark self-energy
Πd(q0, ~q ) as
0 = 1− 2GdΠd(q0 = md, ~q = 0)
= 1− 2Gd
{
2i(Nc − 1)Nf
[
2IG −m2dI(m2d)
]
− 8(Nc − 1)NfGs
[
2IG −m2dI(m2d)
]2
+ 16(Nc − 1)NfGsm2dM2I2(m2d)
}
, (6.6)
where IG is given by Eq. (5.20) and I(md) is obtained
from Eq. (5.21). Note that Eq. (6.6) in the LN limit
reduces to
1 = 4iGd(Nc − 1)Nf
[
2IG −m2dI(m2d)
]
= 2Gd(Nc − 1)Nf
∫
d3p
(2π)3
(
1
E~p +md/2
+
1
E~p −md/2
)
, (6.7)
where we have evaluated the integral in p0 to obtain the
last line in the above equation. Equation (6.7) agrees
with the corresponding LN result of Refs. [42, 47]. In
the OPT case, Eq. (6.6) is a function of the optimization
parameter η and must then be solved together with the
PMS equation (4.9). Equation (6.7) in the LN approx-
imation can be compared with the one determining the
diquark condensate ∆ [Eq. (5.5)], and use of the PMS
equations (4.9) and (4.10), gives
∆ = 2(Nc − 1)NfGdα¯JB(µ)
∣∣∣
η=η¯
, (6.8)
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FIG. 12. The critical chemical potentials associated with the BEC phase transition µB,c, as a function of Gd/Gs, for the LN
and OPT cases, in their correspondent validity range. Color neutrality is considered in both cases.
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FIG. 13. The width of the BEC region, defined by (µBEC−BCSB,c − µB,c), as a function of Gd/Gs, for the LN and OPT cases, in
their correspondent validity range. Color neutrality is considered in both cases.
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FIG. 14. Particle dispersion relation Eδ=1−
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approximation for Gd/Gs = 1.53. Color neutrality is consid-
ered.
where JB(µ) is given by Eq. (4.27). If we set again the
LN limit in Eq. (6.8) and recall that in this case the
OPT optimization parameters η¯ and α¯ reduce to η¯ = σ
and α¯ = ∆, respectively, then Eq. (6.8) becomes, at the
diquark condensation point µB → µB,c and where ∆ →
0,
1 = 2(Nc − 1)NfGd
∫
d3p
(2π)3
(
1
E~p + µB,c/3
+
1
E~p − µB,c/3
)
, (6.9)
and we also recover the LN result for µB,c as given in
Refs. [42, 47]. When comparing Eq. (6.7) with Eq. (6.9),
we see immediately that µB,c/3 = md/2. Note also that
when accounting for color neutrality, the same result fol-
lows when we consider that µ→ µ+ µ8/3 [note that the
integral JB in Eq. (6.8) is only a function of µ = µr = µg],
and the critical baryon chemical potential for diquark
condensation shifts accordingly, µB,c/3→ md/2− µ8/3.
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Since µ8 is in general negative, this corresponds to a
increase of the diquark condensation point when color
neutrality is considered, which agrees with the results
shown, e.g., in Table III. In the OPT scheme, this com-
parison between the diquark mass and the value for the
condensation point is more involved for two main rea-
sons: First, because now we have to solve Eqs. (6.6)
and (6.8) subject to the PMS Eqs. (4.9) and (4.10) and
also the gap equation determining Mq, which makes the
numerical work somewhat more involved. Second and
most importantly, there is clearly a mismatch between
the order-1 OPT expression for the diquark self-energy
leading to Eq. (6.6) and the corresponding contributions
considered at the same order in the OPT for the effec-
tive potential. In particular, note that the order-1 OPT
contributions to the diquark mass, corresponding to the
two-loop diagrams which are similar to the ones seen in
Fig. 4 for the pion, turn out to be equivalent to three-loop
vacuum diagrams in the effective potential (e.g., when
we close the external diquark legs in the self-energy di-
agrams such as to construct equivalent vacuum terms).
These contributions would in fact be order2 in the OPT
scheme when seen in the context of the effective poten-
tial. Due to this mismatch of terms between the diquark
self-energy and the effective potential, we do not expect a
perfect agreement for the value of µB,c/3 obtained from
the optimization of the effective potential, with the value
of md/2 obtained from Eq. (6.6). This is a feature of
the OPT scheme. Intrinsically, we should optimize a
quantity that could produce simultaneous values for both
µB,c and md. This could be, perhaps, the nonhomoge-
neous (space- or momentum-dependent) effective action,
instead of the effective potential (the zero-momentum ho-
mogeneous action). Even so, when we compare results
from these different quantities, we obtain, taking as an
example the ratio Gd/Gs = 1.4 in the absence of charge
neutrality, the result µB,c/3 = 0.1562 GeV, while the re-
sult from Eq. (6.6) givesmd/2 = 0.1596 GeV, a difference
of around 2%. Though not a proof, we can take this dif-
ference as a rough possible indication of the convergence
of the OPT and a signal that when going to the next or-
der, which will now include three-loop terms with similar
topology to the ones contributing at the self-energy for
the diquark mass, these terms are expected to produce an
overall small contribution. This is a generic expectation
from the OPT scheme seen in studies of its convergence
properties in other models [28].
Finally, the observations already made in the absence
of color neutrality regarding the thermodynamic quan-
tities, like the pressure, energy density, and equation of
state, remain essentially the same for the case with color
neutrality. In Fig. 15, we show these quantities for the
OPT for the three values ofGs/Gd considered in the color
neutrality example.
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FIG. 15. The thermodynamic quantities of the system (nor-
malized pressure Pn and normalized energy density εn) are
given for different values of Gd/Gs as a function of the baryon
chemical potential µB at zero temperature on OPT approxi-
mation, as well as the state equation Pn(εn). Color neutrality
is considered.
VII. CONCLUSIONS
We have studied the BEC-BCS crossover in an ex-
tended two-flavor NJL model, with three colors and in-
cluding the diquark interactions, in the context of the
nonperturbative OPT, method and the results obtained
were contrasted with those of the usual LN approxima-
tion. We derived in detail how the fitting of the parame-
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ters changes in the OPT case, deriving the corresponding
corrections due to the OPT for the pion mass and decay
constant. These quantities are affected by the diquark
fluctuations already at first order in the OPT approxi-
mation and must be evaluated consistently.
We have studied the cases both of without and with
color neutrality and have shown the differences between
the two cases. There is a region of parameter values
corresponding to the ratio between diquarks and the
usual quark-antiquark interactions, Gd/Gs, below which
a BEC phase becomes disfavored and the transition from
the chiral phase with no diquark condensate to the phase
of diquark condensate is first order, while for larger val-
ues diquarks become massless, condensing already at
vanishing baryon chemical potential, signaling the insta-
bility of the vacuum. In the absence of color neutral-
ity, for both the LN and OPT cases, this corresponds
approximately to values of the ratio Gd/Gs satisfying
1.05 . Gd/Gs . 1.52. When accounting for color neu-
trality, this range of values remains roughly unaltered in
the LN case, but for the OPT and the values of the pa-
rameters considered, it slightly shifts and shrinks to the
values 1.525 . Gd/Gs . 1.55. This shows that the OPT
tends to suppress the BEC region, and consequently, the
BEC-BCS crossover. To our knowledge, this is the first
time that a method beyond the LN, when applied to the
study of the BEC-BCS crossover, has given an indica-
tion of a possible suppression of the BEC regime. It
would be interesting to further explore this issue when
using other nonperturbative methods or including addi-
tional ingredients in the NJL Lagrangian density, like
asymmetries – for example, a chiral imbalance and ap-
plication of the recent regularization method exposed in
Ref. [55] – or by including a vector meson interaction, as
studied in the LN context for the BEC-BCS crossover in
Ref. [42]. With respect to this, it is interesting to point
out that the OPT is able to radiatively generate vector-
like interactions [56, 57], which in principle could also
be combined with other effects and possibly change the
BEC-BCS region in nontrivial ways, as already indicated
by the results of the present work.
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Appendix A: The pion decay constant derivation in
the OPT expansion to order δ.
At one-loop order, the expression of the pion decay
constant is (in this appendix, we will use the following
notation for the trace: Tr ≡ TrcTrfTrD)
if2π,1gµνδij =
1
4
∫
d4p
(2π)4
× Tr
[
i
/p−M(τiγµγ
5)
i
/p+ /q −M (τjγνγ
5)
]
= −NcNf
4
δij
×
∫
d4p
(2π)4
1
(p2 −M2 + iǫ)((p+ q)2 −M2 + iǫ)
× TrD
[
(/p+M)γµγ5(/p+ /q +M)γνγ5
]
.
(A1)
When q = 0 (zero external momentum), we obtain
f2π,1gµν = i
NcNf
4
∫
d4p
(2π)4
[
8pµpν − 4gµν(p · p+M2)
]
× 1
(p2 −M2 + iǫ)[(p+ q)2 −M2 + iǫ]
= iNcNf
[
2
∫
d4p
(2π)4
pµpν
(p2 −M2 + iǫ)2
− gµνIG(M)− 2gµνM2I(0)
]
, (A2)
where
IG(M) =
∫
d4p
(2π)4
1
p2 −M2 + iǫ , (A3)
and
I(0) =
∫
d4p
(2π)4
1
(p2 −M2 + iǫ)2 . (A4)
Then, using the relation from dimensional regulariza-
tion [58]
∫
d4p
(2π)4
pµpν
(p2 −M2 + iǫ)2 =
gµν
2
IG(M), (A5)
we obtain [41]
f2π,1 = −2iNcNfM2I(0). (A6)
At two-loop order, we have diagrams that involve the
fluctuations from the scalar ζ, ~π, and φ fields, that con-
tribute to f2π. Their expressions are given, respectively,
by
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if2π,ζgµνδij =
iGsNc
2
∫
d4p1
(2π)4
∫
d4p2
(2π)4
TrD
[
Trf (τiτj)
× /p1 +M
p21 −M2 + iǫ
γµγ
5 /p1 + /q +M
(p1 + q)2 −M2 + iǫ
× /p2 + /q +M
(p2 + q)2 −M2 + iǫγνγ
5 /p2 +M
p22 −M2 + iǫ
]
,
(A7)
if2π,~πgµνδij = −
iGsNc
2
∫
d4p1
(2π)4
∫
d4p2
(2π)4
× TrD
[
Trf (τkτiτkτj)γ
5 /p1 +M
p21 −M2 + iǫ
γµγ
5
× /p1 + /q +M
(p1 + q)2 −M2 + iǫγ
5 /p2 + /q +M
(p2 + q)2 −M2 + iǫ
× γνγ5 /
p
2
+M
p22 −M2 + iǫ
]
, (A8)
and
if2π,φgµνδij = −iGd(Nc − 1)
∫
d4p1
(2π)4
∫
d4p2
(2π)4
TrD
×
[
Trf (τ2τ
T
i τ2τj)γ
5 /p1 +M
p21 −M2 + iǫ
γµγ
5
× /p1 + /q +M
(p1 + q)2 −M2 + iǫγ
5 /p2 + /q +M
(p2 + q)2 −M2 + iǫ
× γνγ5 /
p
2
+M
p22 −M2 + iǫ
]
. (A9)
When q = 0, we have [recalling that Trf (τiτj) = Nfδij ,
Trf (τkτiτkτj) = −(nπ − 2)Nfδij and Trf (τ2τTi τ2τj) =
−Nfδij ]
f2π,ζgµν =
GsNcNf
2
∫
d4p1
(2π)4
∫
d4p2
(2π)4
× 1
(p21 −M2 + iǫ)2(p22 −M2 + iǫ)2
× TrD
[
(/p1 +M)γµγ5
× (/p1 +M)(/p2 +M)γνγ5(/p2 +M)
]
,(A10)
f2π,~πgµν =
GsNcNf
2
(nπ − 2)
∫
d4p1
(2π)4
∫
d4p2
(2π)4
× 1
(p21 −M2 + iǫ)2(p22 −M2 + iǫ)2
× TrD
[
γ5(/p1 +M)γµγ5
× (/p1 +M)γ5(/p2 +M)γνγ5(/p2 +M)
]
,(A11)
and
f2π,φgµν = Gd(Nc − 1)Nf
∫
d4p1
(2π)4
∫
d4p2
(2π)4
× 1
(p21 −M2 + iǫ)2(p22 −M2 + iǫ)2
× TrD
[
γ5(/p1 +M)γµγ5
× (/p1 +M)γ5(/p2 +M)γνγ5(/p2 +M)
]
.(A12)
The double integrals involving the the traces in
Eqs. (A11) and (A12) are equivalent, and we can de-
fine, for convenience, the momentum integrals appearing
in those equations as
F ≡
∫
d4p1
(2π)4
∫
d4p2
(2π)4
1
(p21 −M2 + iǫ)2(p22 −M2 + iǫ)2
×TrD
[
(/p1 +M)γµγ5(/p1 +M)(/p2 +M)γνγ5(/p2 +M)
]
= 4
{
gµν
[−I2G(M) + 2M4I2(0)]
+ 4
∫
d4p1
(2π)4
∫
d4p2
(2π)4
(p1 · p2)p1µp2ν
(p21 −M2 + iǫ)2(p22 −M2 + iǫ)2
}
.
(A13)
The calculations in order to find Eq. (A13) are relatively
laborious but straightforward. The double integral on the
right-hand side in Eq. (A13), which we will denote by L,
when using dimensional regularization and the relation
Eq. (A5), becomes
L ≡ 4
∫
d4p1
(2π)4
∫
d4p2
(2π)4
(p1 · p2)p1µp2ν
(p21 −M2 + iǫ)2(p22 −M2 + iǫ)2
= 4gαβ
∫
d4p1
(2π)4
p1αp1µ
(p21 −M2 + iǫ)2
∫
d4p2
(2π)4
p2βp2ν
(p22 −M2 + iǫ)2
= 4gαβ
gαµ
2
IG(0)
gβν
2
IG(0)
= gµνI
2
G(M). (A14)
Substituting Eq. (A14) into Eq. (A13), and Eq. (A13)
into Eqs. (A10), (A11), and (A12), we obtain
f2π,ζ = 4GsNcNfM4I2(0), (A15)
f2π,~π = 4GsNcNf(nπ − 2)M4I2(0), (A16)
f2π,φ = 8Gd(Nc − 1)NfM4I2(0). (A17)
The final expression for f2π is obtained by summing
Eqs. (A6), (A15), (A16), and (A17), to finally give the
result
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f2π = −2iNcNfM2I(0)
+ 4NcNfGs
[
(nπ − 1) + 2Gd
Gs
(Nc − 1)
Nc
]
M4I2(0)
= −2iNcNfM2I(0) + 4NcNfGsf(Gd)M4I2(0),
(A18)
where
f(Gd) ≡ (nπ − 1) + 2Gd
Gs
(Nc − 1)
Nc
. (A19)
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